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Plan of the talk

o Splitting of the Coulomb potential into
core Vz and tail V' parts

@ Solution of the problem for core Vi potential
@ Solution of the problem for tail V# potential

@ Solution of the Coulomb problem in terms of core and tail
solutions
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List of Basic Notations

e Coulomb potential Ve(r) = Q/r, Q = 62“62# with e = +1
corresponding to repulsion or attraction cases

@ Schrodinger equation with Coulomb potential
[Ho + Vc('l‘) — kz]’t/)c(T, k:) =0

@ Free Hamiltonian Hy = — A,

Coulomb wave function

Ye(r, k) = (2m)3/2ekTe=™/21(1 + in); Fy (—in, 1,i(kr — k - r))

Plane wave vo(r, k) = exp{ir - k}

Sommerfeld parameter n = Q/(2k)

Coulomb phase shift o, = arg T'(£ + 1 + i7)

The regular Coulomb function Fy(n, z), the irregular Coulomb
function G,(n, z), the Coulomb spherical waves

uzt(n, z) = e*[Gy(n, z) + 1Fy(n, 2)], Riccati-Bessel function
7¢(2) = Fy(0, 2), Riccati-Hankel function h; (z) = u; (0, 2).
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I. Splitting of the Coulomb potential into
the core Vg and tail V' potentails

Ve(r) =

The Coulomb potential
= Vg(r) + VE(r) }

2|0

o

Yakovlev (SPbSU) Cut off Coulomb September 9, 2013 5/ 21




I. Splitting of the Coulomb potential into
the core Vg and tail V' potentails

The Coulomb potential

Ve(r) = = = Vga(r) + VE(r)

2|0

The core potential

v ={ 8" 157
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I. Splitting of the Coulomb potential into

the core Vg and tail V' potentails

The Coulomb potential

Ve(r) = < = Va(r) + V(1)
The core potential
_} Q/r r<R
VR(T) — { O r Z R
The tail potential
R _ 0 r < R
4 (’")‘{ Q/r r>R
Taw
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I1. Solution for the core potential Vy

The Schrédinger equation of the problem
|Ho + Va(r) — k2| $r(r, k) = 0

is solved by the partial wave expansion

balr, k) = % S (26 + 1)itug(r, k) Py(7 - k).
>0

The partial waves v,(r, k) are given by

ve(r, k) = areFy(n, kr) r<R
BRI Jukr) + Arehf (k1) r>R

where agy and Apgy are calculated through the Wronskians

are = Wr(jo, b)) /Wa(Fo, b)), Are = Wr(je, F2)/Wr(Fe, b, ) 64
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Properties of the solution ¥

1) Forr <R
ba(r, k) = / i ag (i, K ) (r, ki)
with the kernel

20+ 1
47

an(k, k') = Z apee Pk - k).

>0
Asymptotically, when R — oo
Qre ~ eialfir] log 2kR

Consequently, 4
CLR(];?, ’%/) ~ e—mlog2kR5(’% _ ’2:/)
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Properties of the solution ¥

2) Forr >R A
Yr(r k) = e™F + v, (r, k)
where
1 © ¢ "_|_ T +
Use(r, k) = o e:zo(% +1)i*Apg b (k) Po(k - ).

Asymptotically, when r — oo

Vse(r, k) ~ Ap(u, k)e* /v, u=1k k'
with the amplitude

o0

An(u k) = % (26 + 1) ApePy()
=0

IfR— o

Ag(u k) ~ e 2n082RR 4o (y k)
—2 g *nlog2kR gin(nlog 2kR) 6(u — 1)
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The Green function for Vi potential

The Green function G'(E) = (Hy + Vg — E +10) ! is given by the
partial wave representation
1 & Gre(r, 7', k?)
Gh(r, v )= = > (20 + 1)—— =L P(7 - ¥
R ) = 5+ )= R )
For the most important configuration when 7,7’ < R the partial wave
components read

1 k
Grilr,r'K) = L Eln ke )H} (n,krs) + X8 i k), k),

xre(k) = —Wg(hf, H})/Wr(k, Fy).
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The Green function for Vi potential

Summation of partial series in the region 7,7 < R leads to

GE(’I‘, r, k2) = G¢(r, r’, ki) + Qr(r, r’, k2), J

where Ge¢(r, 7/, k%) is the Coulomb Green function and Qg is given by
Qulr 7', #) = o [ 4076, 0lCe(ra, e, K2) — Gelra, !, ).

k2 =k?*+40, =77, (=& &
o0

Zr(€,¢) =D _(€+1/2)xre(k)Py(€) Po(C)

=0
xre(k) = -Wg(hy , H ) /Wr(h], Fy)
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The Green function for Vi potential

Asymptotically, when R — 0
xre(k) = inexp(2i6,)/(kR) + O(1/R?),

where 6, = kR — nlog(2kR) — m¢/2 + 04. For the Ly(—1,1) norm of the
kernel Zg one gets

12l = max [xre(k)| = n/(kR) + O(R™?).
Therefore

Qr(r,',k*) = O(1/R)
Gr(r,r', k%) = Ge(r, 7', k) + O(1/R)
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T-matrix for Vy potential

Transition operator
Tr(z) = VR — VRGR(2)VR
Takes the form
Tr(z) = Vr — VrRGc(2)VR — VRQR(2)VR.

Asymptotically, when R — oo

Tr(z) = Vi — VaGe(2)Va + O(1/R) ]
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III. Solution for the tail V¥ potential
The Schrédinger equation of the problem

[Ho + VE(r) — ] p7(r, k) = 0
is solved by the partial wave expansion

WR(r k) = = S(20 + V)it (r, k) Py - k).
kr 50

The partial waves wy(r, k) are given by

R".
_ ) % Je(ker) r <R
we(r k) = { et Fy(n, kr) + AFuf (kr) r>R

where af' and AF are calculated through the Wronskians

ape = € Wr(Fy, u))/Wr(je,u) ), Are = e Wr(Fy, j0)/Wr(je, B
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Properties of the solution ¢%

1) Forr < R
YA, k) = [ ak'aR(k, K yo(r, kF)

with the kernel

>0 47
Asymptotically, when R — o0
a{l ~ e'in log 2kR

Consequently, '
G,R(k?, k/) ~ emlog2kR5(k _ k/)
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Properties of the solution ¢%

1) Forr < R
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Properties of the solution ¢%

2) Forr >R
PE(r, k) = Ye(r, k) + wse(r, k)
where )
wse(r, k) = Igo(ze + )i Aft uy (n, kr)Py(k - &),

Asymptotically, when r — oo
Wee(r, k) ~ AP (u, k)etkFr=m1082k) /gy — |

with the amplitude

AR(u, k) = = 57 (28 + 1) AFPy(u)
>0

IfR—

Ac(u, k) + AF(u, k) ~ 2 e*nloe2kRgin(nlog 2kR) 6(u — 1)
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IV. Solution of the Coulomb problem in terms of core
and tail solutions

The solution to the Coulomb Schrédinger equation
[Ho + Vel = K¢

by the splitting procedure Vz = V¥ 4 Vx can be represented as

Yo = yF — [Ho + Ve — k* +i0] 'Vay® ]

or equivalently in the form of the integral equation of the
Lippmann-Schwinger type

Yo =97 — [Ho + VE — k% +40] 'Vaye
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IV. Solution of the Coulomb problem in terms of core
and tail solutions

Asymptotically, when r — oo
Ye(r, k) ~ PE(r, k) + Freitkr—nlog 2kr)/,r,
where the amplitude is defined as
Fp = —2n* (RO (K)| Vg [9e (k).

Here %) (r, K) = (y*(r, =K)".
The further representation for the amplitude Fr has the form
Fr = —2m*[($ ) (k') Tr(K® + i0)|¢F(k))
+HYPO(K)|Qr(K® + 10)[97(K))]
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IV. Solution of the Coulomb problem in terms of core

and tail solutions

Asymptotically, when R — oo

Fr = —2n2e?n1oe 2kR (4 (k)| TR (k2 + 40)|wo(k)) + O(1/R)

and then
the total Coulomb amplitude receives the representation

2 .
Ar = - en1oe2kR gin(nlog 2kR) (u — 1)

—  2m2e 8RR (4o (k)| Tr(K? + 10)|¢0(k)) + O(1/R)
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RESUME

@ The splitting approach allows to treat the long-range scattering
problem on the basis of the short-range formalism

@ The use of the splitting approach for systems of N > 3 particles
seems to be very promising
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