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Fig. 1. Illustrative section of the nuclear chart with isotopes of light halo nuclei with charge number (z) less than 7 and neutron number (N) limited to 16.
In particular, we are pointing out the halo-nuclei that, within three-body n–n–core configurations, can be considered as Borromean systems.
Source: Adapted from Ref. [12].

Fig. 2. The Borromean rings and the three-body Borromean system. The particular name came from the use of three connected circles in the coat of arms
of the aristocratic Borromeo family in Italy.

weakly-bound three-body systems with two-neutron halos such as 22C, the core can be treated as a point-like structureless
particle, when considering that most of its microscopic structure (with many neutrons and protons close together) are not
affecting the general universal properties of the three-body bound system. The effect of themicroscopic structure of the core
in the halo properties are parameterized by the values of few number of observables, as the two- and three-body energies,
which can be considered as inputs in effective models, as the renormalized zero range (RZR) approach proposed in [11].

In Fig. 1 we represent a section of the nuclear chart with isotopes of light halo nuclei that we are particularly concerned
in this review, where halo effects have been shown to be more pronounced.

After the experimental discovery of the two-neutron halo in 11Li, it has been reported several other nuclear systems
with neutron halos and far from the stability line. The investigations on these nuclei, before the experiments reported
in [1], can be traced by following the 1979 review of Hansen [13], and one should realize that the first known halo-nucleus
was reported by Bjerge in 1936 [14]. It is the 6He, which is the longest-lived isotope of the ↵-particle, with a two-neutron
halo. For a more recent account on the properties of 6He, see Ref. [15]. We should note that both halo nuclei, 6He and 11Li,
within three-body descriptions, n–n–core, have all the two-body subsystems (n–n and n–core) unbound, in what is known
as Borromean configurations. A bound system with three particles is known as Borromean when all the subsystems are
unbound, resembling the case of the three topological circles that are linked together in such a way that the binding is lost
if one of the rings is removed (see illustration in Fig. 2).

Nowadays many experimental facilities are used to study nuclei along the drip line in different countries and research
groups (see e.g. [16]), with beams of exotic nuclei produced by differentmethods as described in Ref. [17]. The experimental
status on exotic nuclei can be traced through recent reviews, such as Refs. [18,19]. When approaching the limits of nuclear
stability, there are also relevant new decay modes to be considered. A review of such decay modes occurring close to the
drip line can be found in Ref. [19].

The conditions for the occurrence of few-neutron halos in nuclei are reached when such neutrons are weakly bound
to the core in the outermost orbits. The possibility of establishing dynamically long-range few-body correlations among
the outermost neutrons and the core is at the basis of halo formation. Although, it looks reasonable to find large halos for
nuclei near the drip line, when neutrons do not bind anymore, most of the experimental discoveries of large halos have been
confined to relatively light nuclei. The existence of giant multi-neutron halos, not only with light but also with heavy cores,
are still under investigation. A recent account on that can be found in Refs. [7,19].

990 T. Frederico et al. / Progress in Particle and Nuclear Physics 67 (2012) 939–994

presented in [298,299]. By considering a three-dimensional approach, without partial-wave decomposition, one can trace
the bibliography through Refs. [300–302]. In the near future, certainly, the knowledge and techniques used to treat nuclei
far from the stability line in a few-body perspective will join to more complex situations, such as the case of the nuclear
reaction 8B + 58Ni, within a three-body description, 7Be + p + 58Ni [303,304]. Other reactions, such as 6He + 208Pb, can be
address to the four-body configuration n+n+4He+208Pb. This problemwas treated recentlywithin a four-body Continuum-
Discretized Coupled-Channels (CDCC) [305,306]. In all the abovementioned situations the bound and continuum three-body
wave function will be necessary. From a simplified approach, the first three-body wave-function candidate would be that
constructed from a renormalized zero-range model, once its long-range tail contains reliable information.

One theoretical perspective in halo physics is to investigate models that essentially carry few scales and present a rich
and universal phenomenology. The low-energy properties of the structure and reaction of few-neutron halo nuclei offer
exciting possibilities to investigate the classically forbidden region, far from the interaction range, where the realm of
quantummechanics and non-locality are expressed by few-scales. In help to simplify the theoretical assumptions comes the
Pauli principle that restricts neutron-halos to require information beyond the three-body scale. The accretion of neutrons
forming a halo on the top of a light and compact nuclear core is dominated essentially by at most one three-body scale,
the neutron–core and neutron–neutron low-energy parameters like the cases of 12Li and 21C as three neutrons and a core.
Furthermore, numerical tools to solve few-body problems are evolving rapidly, allowing the investigation of such large
systems, which certainly will give access to model descriptions of novel halo phenomena.
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Fig. 1. Illustrative section of the nuclear chart with isotopes of light halo nuclei with charge number (z) less than 7 and neutron number (N) limited to 16.
In particular, we are pointing out the halo-nuclei that, within three-body n–n–core configurations, can be considered as Borromean systems.
Source: Adapted from Ref. [12].

Fig. 2. The Borromean rings and the three-body Borromean system. The particular name came from the use of three connected circles in the coat of arms
of the aristocratic Borromeo family in Italy.

weakly-bound three-body systems with two-neutron halos such as 22C, the core can be treated as a point-like structureless
particle, when considering that most of its microscopic structure (with many neutrons and protons close together) are not
affecting the general universal properties of the three-body bound system. The effect of themicroscopic structure of the core
in the halo properties are parameterized by the values of few number of observables, as the two- and three-body energies,
which can be considered as inputs in effective models, as the renormalized zero range (RZR) approach proposed in [11].

In Fig. 1 we represent a section of the nuclear chart with isotopes of light halo nuclei that we are particularly concerned
in this review, where halo effects have been shown to be more pronounced.

After the experimental discovery of the two-neutron halo in 11Li, it has been reported several other nuclear systems
with neutron halos and far from the stability line. The investigations on these nuclei, before the experiments reported
in [1], can be traced by following the 1979 review of Hansen [13], and one should realize that the first known halo-nucleus
was reported by Bjerge in 1936 [14]. It is the 6He, which is the longest-lived isotope of the ↵-particle, with a two-neutron
halo. For a more recent account on the properties of 6He, see Ref. [15]. We should note that both halo nuclei, 6He and 11Li,
within three-body descriptions, n–n–core, have all the two-body subsystems (n–n and n–core) unbound, in what is known
as Borromean configurations. A bound system with three particles is known as Borromean when all the subsystems are
unbound, resembling the case of the three topological circles that are linked together in such a way that the binding is lost
if one of the rings is removed (see illustration in Fig. 2).

Nowadays many experimental facilities are used to study nuclei along the drip line in different countries and research
groups (see e.g. [16]), with beams of exotic nuclei produced by differentmethods as described in Ref. [17]. The experimental
status on exotic nuclei can be traced through recent reviews, such as Refs. [18,19]. When approaching the limits of nuclear
stability, there are also relevant new decay modes to be considered. A review of such decay modes occurring close to the
drip line can be found in Ref. [19].

The conditions for the occurrence of few-neutron halos in nuclei are reached when such neutrons are weakly bound
to the core in the outermost orbits. The possibility of establishing dynamically long-range few-body correlations among
the outermost neutrons and the core is at the basis of halo formation. Although, it looks reasonable to find large halos for
nuclei near the drip line, when neutrons do not bind anymore, most of the experimental discoveries of large halos have been
confined to relatively light nuclei. The existence of giant multi-neutron halos, not only with light but also with heavy cores,
are still under investigation. A recent account on that can be found in Refs. [7,19].
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Weakly bound quantum systems 

•  Almost everywhere the wf is an eigenstate of H0  - short-range force 

•  Physics: symmetry, scales and dimension (& mass ratios) 
 
 

          à Universality (model independence) 

Generalization:  “The few scales of nuclei and nuclear matter”  
Delfino, TF, Timóteo, Tomio. PLB 634 (2006) 185 



Two-body s-wave:  
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Fig. 4. In the left frame, we represent the analytic continuation of the integral J(k) given in (7) by deforming the contour of momentum q integration,
to pick up the pole contribution into the negative half-momentum-plane, which corresponds to the second energy Riemann sheet. In the right frame, we
represent in the complex energy plane the particular case that a bound-state pole (in the first energy sheet) goes to a virtual-state pole (in the second
energy sheet).

which can also be expressed in terms of the K -matrix equation (9). Instead of the K -matrix approach, one could also consider
the � -matrix formalism, developed in Refs. [187–189], which follows de Kowalski–Sasakawa class of formalisms [190–192]
to compute scattering observables. These formalisms keep all the advantages of the K -matrix approach, with no fixed-point
singularity in the kernel of the integral equation. An extra advantage, of particular interest in this kind of formalisms, relies
in their possibility to improve the iterative numerical convergence of the corresponding integral equations.

In order to contextualize the relevance of the basic two-body formalism included in this section, we should note that this
review is mostly concerned with halo nuclei where the two body properties are quite relevant. Therefore, the knowledge
of what drives the physics of the core plus a nucleon is necessary. In many situations we will find situations where the
neutron–core (n–c) system is unbound and the two-body information should be found by solving the analytical extension of
the corresponding LS equation to reach virtual or resonant states. As an example, we can consider the case of 11Li, composed
by a 9Li core plus two neutrons. In this case, the subsystem n–c , given by the 10Li, is unbound, and can be described by
the analytical extension of the corresponding LS equation, considering s-wave. On the other hand, virtual states in p-waves
can also be found for three-body non-Borromean halo nuclei, such as 20C with energy of about 1.6 times the corresponding
neutron–core binding energy [193].

This may suggest further parameterizations of such non-Borromean three-body system, considering n–c as a virtual
state, which applies to the examples of 11Li and 14Be. It may be possible that instead of a virtual p-wave three-body state in
the non-Borromean situation, the Borromean halo nuclei presents a low-energy p-wave three-body resonance, or a Pygmy
Dipole resonance. Itwas already shown [194] that a Borromean s-wave three-body systemhas low-energy resonanceswhich
appears when the barely bound s-wave subsystems becomes unbound. Furthermore, in the p-wave case the centrifugal
barrier favors the formation of the continuum resonant state of the Borromean nuclei. Therefore, the appearance of a
Pygmy dipole resonance in Borromean configurations dominated by s-wave interactions can be classified also as a universal
phenomena of two-neutron halo-nuclei [64].

2.1.2. Trajectory of S-matrix poles
A particular case of two-body interaction that allows simple analytic solution for the LS equation is given in a separable

form. There is a family of such interactions, with one or more separable terms, constructed in the past to facilitate the
solution of the three-nucleon problem [195]. Let us consider, in s-wave, the case with one separable term, V = �|gihg|,
with a Yamaguchi form factor given by

g(p) =
NX

i=1

↵i

p2 + �2
i
. (15)

In this case, the potential and the corresponding two-body T -matrix are respectively given, in momentum space, by [181]

V (p, p0) = �g(p)g(p0), t(p, p0, k2) = ⌧ (k2) V (p, p0), (16)

where

⌧�1(k2) = 1 � 2
⇡

Z 1

0
p2dp

V (p, p)
k2 � p2 + i"

= 1 � �
NX

i,j=1

↵i↵j

(k + i�i) (k + i�j) (�i + �j)
. (17)

The interesting poles of the above separable T -matrix are the dynamical ones coming from ⌧ (k2), since those coming from
g(p)’s are given by the potential itself and are known as ‘static’ poles without physical meaning. For the case with N = 1 in
(15), considering↵1 ⌘ 1 and�1 = � , the poles are located at k = �i�±i

q
|�|
2� , considering attractive interaction (� = �|�|).

The only one bound-state, which is supported by this interaction, occurs for |�| > 2�3, such that, for |�| < 2�3, we have

a > 0

a < 0

•  1S0 nn state  Evirtual= -143 keV (a = -17fm) 
•   S    n-core   virtual (10Li ~ -25 keV) or bound (19C ~ 500 keV) 
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1/a0

a > 0a < 0

Fig. 8. Schematic representation of the trajectory ofweakly-bound Efimov levels, as the inverse of the two-body scattering length a changes, fromunbound
(a < 0) to bound (a > 0) two-body cases.

The trimer excited state can be bound, virtual or resonant states and it is represented in a single plot [203]. The full
sequence of states in Fig. 8 is resumed in the scaling plot of Fig. 9. In order to have sizable values for comparison, the two-
body energy was subtracted from the excited three-body state, only in the cases that two-body is bound. The squares in
Fig. 8 corresponds to the transition from (I) to (II) and the inverted triangle from (III) to (IV).

The plot from [114] is presented in the form of
q

(E(N+1)
3 � E2)/E

(N)
3 for bound two-body systems; and in the form of

q
(E(N+1)

3 )/E(N)
3 in the other case. In Ref. [194] the trimer continuum resonant states were calculated for a virtual dimer and

shown in the figure. The results from realistic short-range interactions for the helium trimer are given in the figure and
confirm the model independence of the scaling function. Deviations due to the finite range can be seen in the right part of
the plot, when the two-body binding increases and the scattering length decreases. As |a|/r0 decreases a deviation to the
right of the curve is expected as the binding of an excited state is favored when the range increases as Fig. 9 shows. Indeed,
this qualitative description of range corrections at the threshold are substantiated in Ref. [205].

In region (I) of Fig. 9, a trimer virtual state appears at the branch point 4
3✏2 of the one-particle exchange cut in the second

energy sheet and by further decreasing ✏2 it becomes bound in region (II) [frame (a) of Fig. 7]. When the scattering length
turns to be negative in region (III) of Borromean binding, the excited state approaches the three-body scattering threshold
and turns to a continuum resonance in region (IV) [frame (b) of Fig. 7]. At the critical value of ✏crit

2B = 0.144✏(N)
3 the virtual

state becomes bound above an Nth trimer state [114,158], which corresponds to Ecrit
2 = 0.144E(N)

3 in the transition between
regions (I) and (II). At the critical value of the virtual two-boson binding energy, ✏crit

2V = 8.82 ⇥ 10�4✏
(N)
3 [194], which

corresponds to Ecrit
2V = 8.82 ⇥ 10�4E(N)

3 the excited state turns into a continuum resonance.
The elastic boson-dimer s-wave scattering length tends towards �1 when the trimer virtual state approaches the

scattering threshold and then turns to +1 when the bound state is formed in the transition from region (I) to (II) in Fig. 9.
The same analytical behavior appears in three-body systems with different particles, when at least one of the two-body
subsystem is bound, as in the specific case of the low-energy s-wave neutron-19C scattering, where such dependence was
explored in Ref. [180]. The trimer continuum resonance appears only in the Borromean region (IV) and it was observed as
a peak in the three-atom recombination measured near a Feshbach resonance, for negative scattering lengths, in a cold gas
of cesium atoms [147]. The experimental shift in the position of the peak with temperature was shown to be in agreement
with the dependence of the resonance energy with scattering length [211] (see also [212,213]). A theoretical description
of weakly-bound atomic trimers, and the three-body recombination in ultracold systems, considering the experimental
observations, was reported in Refs. [214,215].

Another experimental evidence for the scaling plot of Fig. 9 comes from [216] where it was measured the ratio between
the scattering lengths corresponding to the trimer crossing the scattering threshold for a < 0 and a > 0 value of
|a�

2 |/|a⇤
2| = 10.4(5) (14) in a cold gas of trapped 7Li in the state |F = 1,mF = 1i. The value obtained from the scaling

curve of Fig. 9 in the zero-range model of |a�|/|a⇤| = 12.8 assuming that the reference trimer energy is unaltered from
positive to negative scattering lengths is in agreement with the experimental ratio.

2.3. Illustration: Born–Oppenheimer three-particle model

The Born–Oppenheimer three-particle model developed by Fonseca, Redish and Shanley in Ref. [107] is an analytically
solvablemodelwhere the Efimov effect is clearly demonstrated, in a simpleway allowing for a better intuitive understanding
of the physical mechanism leading to this effect. Other demonstrations of this effect, in general requires more sophisticated

•  Scaling limit: T. Frederico, LT, A. Delfino and E. A. Amorim, PRA60, R9 (1999) 
•  Limit cycle: Mohr et al  Ann.Phys. 321 (2006)225 
•  Correlation between observables: Phillips Plot    2and v.s. Etriton 
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FIG. 2. 12Li decay energy spectrum. The solid line corresponds
to the sum of simulations of an s ground state (dotted) and two
d excited states with decay energies of 250 keV (dot-dashed) and
555 keV (dashed).

single d-wave resonance or s-wave component. The extracted
resonance energies for the two excited states were 250(20) keV
and 555(20) keV, respectively. The measured widths of these
two resonances states were dominated by detector resolution
and only upper limits of 15 and 80 keV, respectively, could be
extracted.

11Li does not have any bound excited states, therefore the
observed coincidences between a neutron and 11Li correspond
to the decay of 12Li to the ground state of 11Li. The s-wave
component of the decay energy spectrum corresponds to the
ground state of 12Li. As mentioned before the properties of the
s-wave component included in the fit were taken from Ref. [5].
Thus 12Li is unbound with respect to neutron emission by
120(15) keV. The other two resonances at decay energies of
250(20) and 555(20) keV represent excited states at energies
of 130(25) and 435(25) keV, respectively.

Although it is not possible to deduce the spin and parities
of each observed state from the decay energy spectrum
alone, the selectivity of the two-proton removal reaction
can give insight about the probability of populating certain
states and possibly explain the differences with respect to the
decay energy spectrum observed in the 1H(14Be,2pn)12Li. In
addition to the different beams (14B and 14Be), the two main
differences between this and the present reaction are the beam
energies and targets. While the 14Be reaction was performed at
360 MeV/u on a hydrogen target the present experiment used
a 53.4-MeV/u 14B beam on a beryllium target. Possible target
dependent differences of reaction mechanisms at relativistic
energies were recently discussed in the decay of 7He [21]. In
addition, the data from the 14Be reaction could possibly contain
neutrons from the decay of 13Li which can be populated in the
(p,2p) reaction.

The two-proton removal reaction from 14B will most likely
remove two protons from the p shell without disturbing
the neutron configurations [22,23]. The ground state of 14B
has a spin and parity of 2− [24,25] and the neutrons are
expected to be ∼30% and ∼66% in the ν(0d5/2)1 and ν(1s1/2)1

configurations, respectively [20]. Shell-model calculations
using the WBP interaction [26] in the s-p-sd-pf model space
are consistent with this configuration of the 14Be ground state.
With a valence proton in the π (0p3/2)1 configuration 12Li can
be formed in odd-parity states from 1− to 4−.
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FIG. 3. Level and decay scheme of 12Li. The measured states are
compared to shell-model calculations from Ref. [11] and with the
WBP interaction.

Figure 3 compares the data with shell-model calculations
from Ref. [11] and with the WBP interaction [26]. While the
earlier calculations predict two excited states below 1 MeV
consistent with the data, the more recent WBP interaction
predicts the first excited state to be located above 1 MeV.
However, it should be noted that these are continuum states
and the accuracy of the shell-model calculations for these
states is about 1 MeV [27]. The observation of an l = 0
to the Iπ = 3/2− ground state of 11Li implies a Iπ = 2−

assignment for the ground state of 12Li consistent with the
WBP calculations. A 4− assignment predicted by the earlier
shell-model calculations [11] cannot be correct because the
l = 0 decay is forbidden.

The 4− state can decay only by the emission of an
l = 2 neutron and likely corresponds to the observed first
excited state. The calculated single-particle width for this
decay at a decay energy of 250 keV is about 15 keV which
coincides with the observed upper limit for the width of this
resonance.

The calculated single-particle width for an l = 2 decay
at 555 keV is about 80 keV, which again agrees with the
measured upper limit of the width. Unless forbidden, the l = 2
decay competes with the emission of an l = 0 neutron which
is favored by about a factor of 50 at this energy. Thus, the

TABLE I. Calculated levels of 12Li using the WBP interaction.
The excitation energy (E∗), spin and parity (Iπ ), and the spectroscopic
factors (SF) of the s- and d-wave component with respect to the
ground state of 11Li are listed.

E∗ Iπ SF
(MeV)

s1/2 d5/2

0 2− 0.60 0.18
1.149 4− – 0.85
1.564 1− 0.83 0.01
2.758 2− 0.22 0.58
2.797 1− 0.01 0.81
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reaction from a 53.4-MeV/u 14B beam. The decay energy spectrum of 12Li was measured with the Modular
Neutron Array (MoNA) and the Sweeper dipole superconducting magnet at the National Superconducting
Cyclotron Laboratory. Two excited states at resonance energies of 250 ± 20 keV and 555 ± 20 keV were observed
for the first time and the data are consistent with the previously reported s-wave ground state with a scattering
length of as = −13.7 fm.
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Since the first report of an extended matter radius [1] 11Li
has been one of the most thoroughly studied halo nuclei and
continues to be the subject of intense studies [2,3]. Although
it is expected that 11Li is the heaviest bound lithium isotope,
properties of the heavier Li isotopes must be measured to locate
the neutron dripline for Z = 3 and further refine the nuclear
shell-model calculations. A step toward these goals comes
from characterizing 12Li. 12Li is known to be unstable [4]
and the energy of the presumed ground state was reported in
Ref. [5]. Here we confirm the earlier findings but also report
on excited states in 12Li for the first time. This understanding
of 12Li states will also be useful for understanding the next
obvious measurement, that of 13Li, which, if it is unbound,
will decay by the emission of two neutrons to 11Li. The
increased availability of intense radioactive beams has enabled
spectroscopic studies of nuclei far from stability and in
particular the selectivity of direct reactions at intermediate
energies has been instrumental in populating and identifying
states in neutron-rich systems [6,7]. In these studies the
dripline is not limiting the exploration of the structure of very
neutron-rich nuclei and direct reactions were successfully used
in measuring the structure of very neutron-rich nuclei (see, for
example, Refs. [5,8–10]).

*deyoung@hope.edu
†Present address: Physics Department, Augustana College, Rock

Island, Illinois 61201, USA.
‡Present address: Oak Ridge Associated Universities, Oak Ridge,

Tennessee 37831, USA.

In this measurement, we have utilized the two-proton
removal reaction from 14B to populate states in the unbound nu-
cleus 12Li. The ground state of 12Li has recently been measured
for the first time in the knockout reaction 1H(14Be,2pn)12Li
[5]. No excited states were observed in this reaction. The
ground state was interpreted as a virtual s state with a scattering
length of as = −13.7(16) fm. The spin and parity of this
resonance was deduced as either a 1− or a 2− in contradiction
to early shell-model calculations which predicted the ground
state to be a 4− state [11]. These shell-model calculations
also predicted two excited states at rather low energies of
410 keV (2−) and 730 keV (1−). The ground state of 14B, the
secondary beam, has spin and parity of 2− and the two-proton
removal reaction should populate these negative parity states
in 12Li.

The experiment was performed at the Coupled Cyclotron
Facility of the National Superconducting Cyclotron Labo-
ratory (NSCL) at Michigan State University. The A1900
fragment separator [12] was used to produce a 53.4-MeV/u
14B secondary beam from a 120-MeV/u 18O primary beam.
The momentum acceptance of the A1900 was set at 1%. Event
by event time-of-flight measurements between two plastic
scintillators located at the A1900 and in front of the reaction
target, respectively, allowed for identification and removal
of events caused by unwanted contaminant in the secondary
beam. The 14B beam impinged upon a 477-mg/cm2 Be target
and produced 12Li through two-proton knockout. The 12Li
decayed immediately into 11Li and a neutron which were
detected in coincidence.

The 11Li fragments were deflected by the Sweeper super-
conducting dipole magnet [13] which was set to a magnetic
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cleus 12Li. The ground state of 12Li has recently been measured
for the first time in the knockout reaction 1H(14Be,2pn)12Li
[5]. No excited states were observed in this reaction. The
ground state was interpreted as a virtual s state with a scattering
length of as = −13.7(16) fm. The spin and parity of this
resonance was deduced as either a 1− or a 2− in contradiction
to early shell-model calculations which predicted the ground
state to be a 4− state [11]. These shell-model calculations
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410 keV (2−) and 730 keV (1−). The ground state of 14B, the
secondary beam, has spin and parity of 2− and the two-proton
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by event time-of-flight measurements between two plastic
scintillators located at the A1900 and in front of the reaction
target, respectively, allowed for identification and removal
of events caused by unwanted contaminant in the secondary
beam. The 14B beam impinged upon a 477-mg/cm2 Be target
and produced 12Li through two-proton knockout. The 12Li
decayed immediately into 11Li and a neutron which were
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The 11Li fragments were deflected by the Sweeper super-
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0556-2813/2010/81(2)/021302(4) 021302-1 ©2010 The American Physical Society

Pauli principle kills sensitivity to the 4-body scale! 
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Scales of s-wave n-n-c system: contact interaction 

Energy of the virtual nn system 

Energy of the bound/virtual nc system 

Energy of the Nth state of the nnc system 
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Root mean square radii: Core+neutron+neutron 



Root mean square radii: Core+neutron+neutron 
 Yamashita, Tomio and T. F.  
 NPA 735, 40 (2004) Canham and Hammer 

NPA 836 (2010) 275 

•  Moriguchi et al. PRC88, 024610 (2013)  - 
RIKEN reaction cross-section rn ~ 6.1 fm 

•  S2n=369 keV Smith et al. PRL101(2008) 
•  IMPROVE Ev[10Li] ! 

Nucleus B3 [keV] Enc [keV] r0 [fm]
√

〈r2nn〉 [fm]
√

〈r2nc〉 [fm]
√

〈r2n〉 [fm]
√

〈r2c 〉 [fm]
11Li 247 -25 0.0 8.7±0.7 7.1±0.5 6.5±0.5 1.0±0.1

247 -25 1.4 8.80±0.07 7.21±0.06 6.51±0.05 1.040±0.008

247 -800 [48] 0.0 6.8±1.8 5.9±1.5 5.3±1.4 0.9±0.2

247 -800 [48] 1.4 6.3±0.5 5.5±0.4 4.9±0.4 0.81±0.06
14Be 1120 -200 [49] 0.0 4.1±0.5 3.5±0.5 3.2±0.4 0.40±0.05

1120 -200 [49] 1.4 3.86±0.09 3.29±0.08 3.02±0.07 0.384±0.009
12Be 3673 503 0.0 3.0±0.6 2.5±0.5 2.3±0.5 0.32±0.07

3673 503 1.4 3.3±0.2 2.7±0.1 2.5±0.1 0.35±0.02
18C 4940 731 0.0 2.6±0.7 2.2±0.6 2.1±0.5 0.18±0.05

4940 731 1.4 2.9±0.2 2.4±0.2 2.3±0.2 0.21±0.01
20C 3506 530 [45] 0.0 3.0±0.7 2.5±0.6 2.4±0.5 0.19±0.04

3506 530 [45] 1.4 3.38±0.18 2.75±0.15 2.60±0.14 0.21±0.01

3506 162 0.0 2.8±0.3 2.4±0.3 2.3±0.3 0.19±0.02

3506 162 1.4 3.03±0.06 2.53±0.05 2.39±0.05 0.198±0.004

3506 60 0.0 2.8±0.2 2.3±0.2 2.2±0.2 0.18±0.01

3506 60 1.4 2.84±0.03 2.41±0.03 2.28±0.03 0.192±0.002
20C* 65.0±6.8 60 0.0 42±3 38±3 41±3 2.2±0.2
20C* 64.9±0.7 60 1.4 43.2±0.5 38.7±0.4 42.9±0.5 2.26±0.02

TABLE I: Various mean square radii of different halo nuclei. The second two columns show the
input values for the three-body ground state energy and the two-body n-c energy (negative values
corresponding to virtual energies), respectively, as given by [39], except where otherwise noted. The

fourth column shows the input value for both two-body effective ranges, related to LO (r0 = 0.0
fm) or NLO (r0 = 1.4 fm) calculations. The rows marked by 20C* show the results for the excited

Efimov state of 20C, with binding energy displayed in the second column, which is found above the
ground state (B3 = 3506 keV).

calculated exactly as was done in the previous subsection, using the sum of the uncertainties
from the n-n and n-c interactions: ∆〈r2〉/〈r2〉 ≈ (rnn/ann)2 + r2nc(2µncEnc). We stress that
our NLO results as well as their errors are based on our estimate of the effective range,
r0 = 1.4 fm. They do not include the uncertainty in the estimate of r0 and therefore must
be interpreted with some care.

We will now discuss the results for the NLO corrections to the mean square radii due
to the effective range of the interactions. For the Borromean halo nuclei 11Li and 14Be, in
which all two-body subsystems are unbound, the general tendency is for a positive effective
range to shift all mean square radii to smaller values. The only exception is the case of 11Li
using the central value of the n-c energy Enc = (−25 ± 15) keV [39]. This difference is due
to the fact that this value of the virtual energy is very close to the resonant limit, Enc = 0.0,
while the competing value Enc = (−800± 250) keV [48] is much larger in comparison. This
can be seen more clearly if we look at the mean square radii over a range of Enc values.
Using the central value of the three-body binding energy as input, B(0)

3 = 247 keV, the NLO
results are plotted in comparison to the LO values in Fig. 2, with error bands estimated
from the theoretical uncertainty, as described above. The solid black lines represent the LO

10
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Fig. 13. Three-dimensional schematic plot, combining the results of the boundary region to exist at least one Efimov state in an n–n–c system, given in
Fig. 12, with the part of the scaling plot shown in Fig. 9 corresponding to bound identical three-boson systems. In the defined z-axis, E2 is fixed to zero for
the cases that the two-body system is in a virtual state.
Source: Extracted from Ref. [46].

originally, in Refs. [67,254,255]. These nuclei are characterized by the small values of the one or two neutrons separation
energies. We describe them by an inert core of mass mc and two weakly-bound neutrons. Thus, we have two possible
pairwise interactions, one for neutron–core and another for neutron–neutron system.

The positions of the carbon isotopes with mass numbers 18, 20 and 22, considered as two-halo systems, are represented
in the boundary plot given in Fig. 12, as examples, in view of their specific characteristics with the corresponding available
experimental data. By considering the available data of other well-known halo-nuclei, such as 11Li and 12Be, it was found no
room for an excited Efimov state within this three-body approach, such that their corresponding point will be outside the
limiting region represented in Fig. 12. The position of 12Be in this representation can be seen in Fig. 6 of Ref. [46]. In the cases
that we have shown, one should also note that the isotope 18C is excluded to have an excited halo state. The situation ismore
favorable (to have an excited Efimov state) in the other two represented cases, 20C and 22C, as they are close to the critical
boundary. For 22C, it may also be the case that the two-neutron halo presents a continuum resonance [6]. This halo nuclei
system will be discussed in the Section 4.4.3 of this review, where results of calculations for the mean-square-distance of
a halo neutron with respect to the center-of-mass of 22C are presented. The model assumption, as considered in Ref. [6], is
that n-20C is unbound, with a virtual state energy near zero.

The region where we have bound excited three-body systems can also be represented in a three-dimensional plot, as
given in Ref. [46] and shown in Fig. 13. The figure is a schematic representation combining Figs. 9 and 12, where the surface

(x ⌘
q
Enn/E

(N)
3 , y ⌘

q
Enc/E

(N)
3 ) defines the limiting region in order to have at least one excited bound Efimov state. Outside

this surface region (for larger x and/or y) the three-body state will be virtual or resonant, as we have discussed. In the next
following section, using the zero-range two-body interactions,we revise some studies on the sizes ofweakly-bound systems,
in the case we have two identical particles, such as exotic halo nuclei n–n–c , or mixing of two kind of atoms (↵–↵–�). See
Ref. [256], discussed in the context of cold-atom systems, for some universal dynamical aspects of binary mixtures.

In the zero-range limit and leaving out the core spin, there are two possibilities for each n–n and n–core two-body
subsystems, as they can be bound (+) or virtual (�). By considering � = n or c , we introduce the following definitions:

Kn� ⌘ ±
vuut

�����
En�
E(N)
3

�����, where
p|En� | = 1

p
2mn� an�

. (103)

In the above, mn� and an� are, respectively, the reduced mass and scattering length of the particle pair n� . In the scaling
limit, the consecutive (N + 1)th and Nth three-body energy levels are related by a scaling function, which can be written
as:

E(N+1)
3

E(N)
3

= F (Knn, Knc; A), (104)

where A ⌘ mc/mn. The extreme conditions for the existence of the (N + 1)th excited state on the top of the Nth state, are
described by the following critical conditions:

F (Knn, Knc; A) = 0, (105)
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The extremely neutron-rich nucleus 19C has been studied by Coulomb dissociation into 18C 1 n at

67 A MeV. A large E1 strength of 0.71 6 0.07 e2 fm2 has been observed at low excitation energies.
An analysis of the angular distribution of 18C 1 n center of mass has led to a determination of the
neutron separation energy of 19C to be 530 6 130 keV. The E1 strength distribution can be well
reproduced for a 19C ground state structure with a dominant s-wave valence neutron, providing a
consistent picture of the neutron halo structure of 19C.

PACS numbers: 25.60.Gc, 21.10.Gv, 25.70.De, 27.20.+n

Halo nuclei have been found in the light and extremely
neutron-rich region of the nuclear chart, and have a novel
twofold structure composed of a core with normal nuclear
density and a halo with diffuse valence neutron(s) [1,2].
The formation of a neutron halo is ascribed basically to
the tunneling of the loosely bound valence neutron(s)
through the potential well. One unique feature of halo
nuclei is a greatly enhanced E1 strength at low excitation
energies, as revealed in the Coulomb dissociation of 11Be
[3,4] and 11Li [5–8].
Coulomb dissociation has been a useful spectroscopic

tool for investigating halo structure [1,2]. Coulomb dis-
sociation is a process in which a projectile passes a high-
Z target, is excited by absorption of a virtual photon
from the changing target Coulomb field, and decays into
a breakup channel involving a few particles. The dissoci-
ation cross section is related to the electromagnetic tran-
sition matrix element B!El" which contains information
on the structure of the projectile ground state [9,10]. For
halo nuclei, the B!E1" distribution is simply described as
a Fourier transform of rR!r", with r being a distance be-
tween the core and halo and R!r" the radial component
of the wave function of the halo neutron [11]. The high
value of jR!r"j2 at large r in a halo nucleus thus leads
to the large E1 strength at low excitation energies. The
B!E1" distribution can thus be used to determine the wave
function of the halo neutron [3,12].
In this work we have studied the ground state structure

of 19C by means of Coulomb dissociation. This nucleus
has been considered as a promising candidate for a halo
nucleus because of the small neutron binding of its ground
state. In fact, the adopted one-neutron separation energy
Sn is only 160 6 110 keV [13]. This value is even
smaller than that of 11Be (Sn ! 504 6 6 keV), which is
the only nucleus where a one-neutron halo structure is
well established. Another important factor to dictate the
halo property is the orbital angular momentum carried by
the outmost valence neutron. According to the standard

shell model, the valence neutron of 19C is expected to
occupy either an s or d orbital [14–16]. However,
the formation of the halo depends strongly on which
of these orbitals is occupied by the neutron. Because
of the absence of a centrifugal barrier the halo can
favorably develop for an s-wave neutron while it will
be considerably suppressed by the barrier for a d-wave
neutron. Thus the spin-parity of the state as well as the
configuration of the wave function is essential for the
manifestation of the halo phenomena.
The structure of 19C has so far been investigated by

inclusive measurements of either 18C [14,15,17] or the
neutron [18] momentum components following the 19C
breakup. The momentum distribution of 18C at 77 A MeV
[14,15] exhibited a narrow width of 42 6 4 MeV#c, while
that measured at 914 A MeV [17] had a broader width
of 69 6 3 MeV#c. The discrepancy between these mea-
surements has not yet been clearly understood, leaving
open the question of the ground state structure itself. For
example, Ref. [14] argued for a Jp ! 1#21 assignment
for the 19C ground state, and indicated halo formation
arising from a large component of the 18C!01" ≠ 2s1#2
configuration. However, the revised analysis [15] sug-
gested the Jp ! 5#21 assignment with a large portion
of a 18C!21" ≠ 2s1#2 configuration. The halo formation
should be strongly suppressed for this configuration be-
cause of the effective increase of Sn by 1.62 MeV corre-
sponding to the cost for the core excitation energy of the
18C!21" state. Summing up, the nature of the 19C halo
structure still remains unclear. The difficulty in resolv-
ing the problem may primarily be attributed to the missing
assignment of the spin-parity and also to the possible un-
certainty in the mass measurements which yielded the Sn
values ranging from 700 keV to nearly 0 keV [13].
In the present Letter we report on the results of a

kinematically complete measurement of Coulomb dis-
sociation of 19C at 67 A MeV. Such a measurement
has been proven to be powerful to explore ground state
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Pole in s-wave kcot(δ) for n-d system ! Well known ~ 50 years 
 
Delves’ 60, Van oers & Seagrave’ 67, Girard & Fuda’ 78 

n-19C scattering and Efimov physics 

Universal property! 

The existence of the triton virtual 
state was found on the basis of the 
effective range expansion. 

What to expect for s-wave scattering? 
Look at doublet neutron-deuteron scattering… 



200keV 

850keV 

n-19C scattering and Efimov physics 



n-19C scattering and Efimov physics 

20C has an excited bound Efimov state  

20C has a virtual Efimov state  



22C  =  n - n - 20C 

= 3 fm 

= 



22C =  n - n - 20C 

21C  virtual state energy 0, -100 KeV. Enn=-143KeV 

= 

Acharya, Ji, Phillips PLB723(2013)19  [S
2n

< 100 keV]  (EFT) 

    Yamashita, M de Carvalho, TF, Tomio, 
PLB697(2011)90;  A&E PLB715(2012)282  

H.T. Fortune, R. Sherr, Phys. Rev. C 85 (2012) 027303. 

Horiuchi and Y. Suzuki, Phys. Rev. C 74, 034311 (2006) 



S2n < ~ 30 keV 

21C Mosby et al. NPA 909, 69 (2013) – MSU - |as | < 2.8 fm ( 21C virtual state) 

22C =  n - n - 20C 



22C =  n - n - 20C 

21C  with a virtual state with energy 1 MeV  
à It is not possible an excited Efimov state/continuum resonance 

22C 



Limit cycle: one-body momentum densities n+n+A (A=20) 

CM 

qc 
 

qn 
 

A 

n n 

Halo-neutron momentum distribution in 22C 



If Ltotal is nonzero ? 

•  Virtual p-wave states of light non Borromean nn halo nuclei 
             Evirtual~1.7 Enc   

   (Delfino et al PRC61, 051301 (2000)) 
 

•  Soft dipole mode: 

•  M. Cubero et al, PRL 109, 262701 (2012) - 11Li+208Pb close 
the Coulomb barrier à Eres=690 keV  width=0.32 keV 

•  Fernandez-Garcıa et al PRL 110, 142701 (2013) - 11Li+208Pb 
breakup around the Coulomb barrier  

•  Ershov, Vaagen, Zhukov, PRC 86 (2012) 034331 – 22C 

Determined by scattering lenghts only! 



Zero-range model n-n-c system:  
threshold conditions for excited states and resonances 
borromean  configuration: Efimov stateà resonance  
at least one subsystem is bound: Efimov stateà virtual state 
                               

Weakly bound & large systems: few scales regime in halo nuclei, molecules, trapped atoms 
              CORRELATIONS BETWEEN OBSERVABLESà CONSTRAINTS! 

Summary  

20C   Efimov stateà virtual state   E19C > 165 keV 

22C large nn halo S2n ~ 30 keV  with 21C virtual state 1 MeV (from |as|<2.8 fm)à  
 

No Efimov continuum resonance/excited state  (range corrections?) 

Few-examples: 11Li, 14Be, 20C, 22C 



12Li = 10Li+n+n+n ,   21C = 18C+n+n+n     
 

Exploration of universality in scattering, breakup of halo nuclei & CDCC ... 

 Neutron halo > 2n (no need of a 4-body scale)...  

Pigmy resonances  Ltotal=1,2, 3 ... 

Outlook 

Fix the tail of ab-initio calculations... 
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