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@ Introduction
@ Photo Reactions
@ Efimov Physics and Ultracold Atoms



What Can We Learn From Photo Reactions?

@ Understanding of the systems at hand.

@ A test of the Hamiltonian at regimes not accessible by elastic reactions.

© Reaction rates as input for experiments or applications (e.g. astrophysics).
@ Underlying degrees of freedom.

© The transition from single particle to collective behavior.
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Photo Reactions

The interaction Hamiltonian between the photon field A(x) and the
atomic/nuclear system
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Photo Reactions

The interaction Hamiltonian between the photon field A(x) and the

atomic/nuclear system
H = =2 [dxa()-J)
The current is a sum of convection and spin currents
(B0 Rp)

) =)+ V x ()|
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Photo Reactions

The interaction Hamiltonian between the photon field A(x) and the

atomic/nuclear system
H = =2 [dxa()-J)
The current is a sum of convection and spin currents
(B0 Rp)
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o Classically, the convection current J. = }; Q;v; is the flow of the charged particles.
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Photo Reactions

The interaction Hamiltonian between the photon field A(x) and the

atomic/nuclear system
H = =2 [dxa()-J)
The current is a sum of convection and spin currents
(B0 Rp)

) =)+ V x ()|

Hi= =% [dx{A) J.(x) + B@) - ()

o Classically, the convection current J. = }; Q;v; is the flow of the charged particles.

@ In nuclear physics, the convection current is dominant at low energies.
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Photo Reactions

The interaction Hamiltonian between the photon field A(x) and the

atomic/nuclear system
H = =2 [dxa()-J)
The current is a sum of convection and spin currents
(B0 Rp)

) =)+ V x ()|

Hi= =% [dx{A) J.(x) + B@) - ()

o Classically, the convection current J. = }; Q;v; is the flow of the charged particles.
@ In nuclear physics, the convection current is dominant at low energies.
@ Ultracold atoms are neutral J.(x) = 0 and the current y(x) is dominated by the spins.
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Efimov Physics and Universality

a<0 Energy a>0
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Efimov Physics and Universality

@ Borromean regime: A 3-body bound state a<0 Energy a>0
exists even when the 2-body system is 000 } 000 1/a
unbound. Q >
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Efimov Physics and Universality

® Borromean regime: A 3-body bound state a<0 Energy a>0
exists even when the 2-body system is 000 000 1/a
unbound. N =

e In nuclear physics, °He is bound while
5He, n-n - not.

©

from ANL site

F. Ferlaino and R. Grimm, Physics 3, 9 (2010)
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Efimov Physics and Universality

® Borromean regime: A 3-body bound state a<0 Energy @>0
exists even when the 2-body system is 000 000 1/a
unbound. N E
o In nuclear physics, ®He is bound while k
5He, n-n - not.

® The unitary limit: E; = 0, a; — oo. @©

F. Ferlaino and R. Grimm, Physics 3, 9 (2010)

Betzalel Bazak (HUJI) Multipole analysis of RF re ns in ultracold atoms 5/21



Efimov Physics and Universality

© Borromean regime: A 3-body bound state a<0 Energy a>0
exists even when the 2-body system is 000 000 1/a
unbound. N 4
o In nuclear physics, ®He is bound while k
5He, n-n - not.
o The unitary limit: E; = 0, a; — co. @O

@ In 1970 V. Efimov found out that if E, = 0
the 3-body system will have an infinite
number of bound states.

F. Ferlaino and R. Grimm, Physics 3, 9 (2010)
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o The unitary limit: E; = 0, a; — co. @O
@ In 1970 V. Efimov found out that if E, = 0
the 3-body system will have an infinite

number of bound states.

o The 3-body spectrum is E,, = Ege~ 2"/
with sp = 1.00624.

@ In atomic traps, as can be manipulated
through the Feshbach resonance.
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Efimov Physics and Universality

© Borromean regime: A 3-body bound state a<0 Energy a>0
exists even when the 2-body system is 000 000 1/a
unbound. N &
o In nuclear physics, ®He is bound while \
5He, n-n - not.

o The unitary limit: E; = 0, a; — co. @O
@ In 1970 V. Efimov found out that if E, = 0
the 3-body system will have an infinite

number of bound states.
o The 3-body spectrum is E,, = Ege~ 2"/
with sp = 1.00624.

o In atomic traps, as can be manipulated
through the Feshbach resonance.

F. Ferlaino and R. Grimm, Physics 3, 9 (2010)

@ Particle losses in traps are closely related to
Efimov’s physics through the 3-body
recombination process

A+A+A— A+ A
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Photoassociation of Atomic Molecules

RF-induce atom loss resonances for different values of bias magnetic fields.
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RF association of “Li dimers and trimers at 1.5 uK
O. Machtey, Z. Shotan, N. Gross and L. Khaykovich, Phys. Rev. Lett. 108, 210406 (2012)
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© Multipole Expansion



The Static Response - Inelastic Reactions

@ The response of an A-particle system is closely related to the static moments of the charge
density

A
p(x) = ;Qfﬁ(x — 1)
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The Static Response - Inelastic Reactions

@ The response of an A-particle system is closely related to the static moments of the charge
density

A
p(x) = ;Qfé(x —1i)

@ The Fourier Transform

plk) = [ dup(x)e™ = Y Qe
i=1
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The Static Response - Inelastic Reactions

@ The response of an A-particle system is closely related to the static moments of the charge
density

A
p(x) = ;Qfé(x —1i)

@ The Fourier Transform

plk) = [ dup(x)e™ = Y Qe
i=1

o In the long wavelength limit k — 0

A A A
plk) ~ Y Qi+iY Qik-ri— Y Qi(k-r;)?
= = =
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The Static Response - Inelastic Reactions

@ The response of an A-particle system is closely related to the static moments of the charge
density

A
p(x) = ;Qfé(x —1i)

@ The Fourier Transform

plk) = [ dup(x)e™ = Y Qe
i=1

o In the long wavelength limit k — 0

A A A
plk) ~ Y Qi+iY Qik-ri— Y Qi(k-r;)?
= = =

@ For a system of identical particles

. A kzrlz kzrlz N R
p(k) ~ AQq +iAQik - Ron — Q1 Y AT Y Yoo (R)You (7)
m

i=1
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The Static Response - Inelastic Reactions

@ The response of an A-particle system is closely related to the static moments of the charge
density

A
p(x) = ;Qfé(x —1i)

@ The Fourier Transform

plk) = [ dup(x)e™ = Y Qe
i=1

o In the long wavelength limit k — 0

A A A
plk) ~ Y Qi+iY_ Qik-ri— Y Qi(k-r,)?
= = =

@ For a system of identical particles

. A kzrlz kzrlz N R
p(k) ~ AQq +iAQik - Ron — Q1 Y AT Y Yoo (R)You (7)
m

i=1

@ Conclusion A: In general the Dipole is the leading term.
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The Static Response - Inelastic Reactions

@ The response of an A-particle system is closely related to the static moments of the charge
density

A
p(x) = ;Qfé(x —1i)

@ The Fourier Transform

plk) = [ dup(x)e™ = Y Qe
i=1

In the long wavelength limit k — 0

A A A
plk) ~ Y Qi+iY_ Qik-ri— Y Qi(k-r,)?
= = =

@ For a system of identical particles

A (|22 k2r? N
p(k) ~ AQl + ZAQlk “Rem — Ql 2 61 +4mr 151 ZY2 m (k)YZW(’A’i)

i=1 m
@ Conclusion A: In general the Dipole is the leading term.

o Conclusion B: For identical particles the leading terms are M and Q.
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Photo Reactions with Ultracold Atoms

@ For RF photons in the few MHz region the wave
length is meters so kR < 1.
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Photo Reactions with Ultracold Atoms

@ For RF photons in the few MHz region the wave E= : w ‘ ‘
length is meters so kR < 1. 07

@ The atoms reside in a strong magnetic field, with
well defined m,

-300

Energy [MHz]
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[¥o) = Do (r;)|mrm? ... mf) o] AT205MHZ L N N ‘
U1 oastmeMHz] N ‘
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200 400 600 800 1000
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N. Gross and L. Khaykovich,
Phys. Rev. A 77, 023604 (2008)
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Photo Reactions with Ultracold Atoms

@ For RF photons in the few MHz region the wave E=Y — : w
length is meters so kR < 1. 01 Me =
@ The atoms reside in a strong magnetic field, with T 300
well defined mr, =
> -600+
1,2 A > '
[Yo) = Po(r;)|mpmp ... m¢) S ol AT208MHZ LN N
wo T a=reMHZ L N
@ In the final state the photon can either change one of -1200 PN
the spins or leave them untouched. o0 a0 e0  sbo 1000

B [G]

N. Gross and L. Khaykovich,
Phys. Rev. A 77, 023604 (2008)
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Photo Reactions with Ultracold Atoms

@ For RF photons in the few MHz region the wave E=T e w w
length is meters so kR < 1. 01 m
@ The atoms reside in a strong magnetic field, with E 300
well defined mp, =
Z  -600- )
[Fo) = @o(r;)[mpm? ... md) g 1 am20sMHzl NN
u A=TT6MHZ |\
@ In the final state the photon can either change one of -1200 N
the spins or leave them untouched. 200 a00 00 860 1000
@ Spin-flip reaction B[G]
N. Gross and L. Khaykovich,
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Photo Reactions with Ultracold Atoms

@ For RF photons in the few MHz region the wave E=T e w w
length is meters so kR < 1. 01 P
@ The atoms reside in a strong magnetic field, with E 300
well defined mp, =
Z  -600- )
[Fo) = @o(r;)[mpm? ... md) g 1 am20sMHzl NN
u A=TT6MHZ |\
@ In the final state the photon can either change one of -1200 N
the spins or leave them untouched. 200 a00 00 860 1000
@ Spin-flip reaction B[G]
N. Gross and L. Khaykovich,
‘ |mEm? . ..mf) — |mim? £1...m) ‘ Phys. Rev. A 77, 023604 (2008)
@ Frozen-Spin reaction
’ [mbm2 ..oy — [mpm? .. m) ‘
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Photo Reactions with Ultracold Atoms

@ For Spin-flip reactions the Franck-Condon factor dominates the transition

R(w) = Ckﬂi|<q>f|<1>0>|2 5(Ef — Ep— w)
A
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Photo Reactions with Ultracold Atoms

@ For Spin-flip reactions the Franck-Condon factor dominates the transition

R(w) = Ckﬂi|<q>f|<1>0>|2 5(Ef — Ep— w)
A

o For Frozen-Spin reactions we get a sum of the monopole operator M = R? = v
and the Quadrupole operator Q = Y. 12Y, ()
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Photo Reactions with Ultracold Atoms

@ For Spin-flip reactions the Franck-Condon factor dominates the transition

R(w) = Ck%i|<q>f|<1>0>|2 5(Ef — Ep— w)

o For Frozen-Spin reactions we get a sum of the monopole operator M = R? = v
and the Quadrupole operator Q = Y. 12Y, ()

o The response is given by

R(w) = Pg;<<¢f|0|¢o>|25<ﬁf —Ep—w)
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e Dimer Photoassociation



Photoassociation of the Atomic Dimer

@ For the dimer case, the response function can be written as

R(@) = C® | g ol ¥lon(a)? + 5z |l QU
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Photoassociation of the Atomic Dimer

@ For the dimer case, the response function can be written as

R(@) = C® | g5 poll¥lon(a)+ 5z | o QU2 |

@ The bound state wave function is

wo = Yov2ke ™ /1 ; Kk~ 1/as
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Photoassociation of the Atomic Dimer

@ For the dimer case, the response function can be written as

R(@) = C® | g5 poll¥lon(a)+ 5z | o QU2 |

@ The bound state wave function is
Po = YoV2ke ™ /r ; kx=1/as
@ The continuum state wave function is

‘le(ﬁl) = Ylm@)zq[cos 51]1(5/7) — sin 51”1(‘77’)]

Betzalel Bazak (HUJI) Multipole analysis of RF reactions in ultracold atoms EFB22, 9 September, 2013 10 /21



Photoassociation of the Atomic Dimer

@ For the dimer case, the response function can be written as

R(@) = C® | g5 poll¥lon(a)+ 5z | o QU2 |

o The bound state wave function is
Yo = YoV2ke ™ /1 ; K~ 1/a
o The continuum state wave function is
@i (q) = Y1 (#)2q[cos 81jy(qr) — sin éymy(qr)]

@ The [ = 0 matrix element

2
" 2 1 49v/2x 2_ 2 Ko o]
(o [M[l@o(q)) |~ = = <(‘12+K2>3> [C0550(3K —q )—SIHOOE(W —x7)
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Photoassociation of the Atomic Dimer

@ For the dimer case, the response function can be written as

R(@) = C® | g5 poll¥lon(a)+ 5z | o QU2 |

o The bound state wave function is
Yo = YoV2ke ™ /1 ; K~ 1/a
o The continuum state wave function is
@i (q) = Y1 (#)2q[cos 81jy(qr) — sin éymy(qr)]

@ The I = 0 matrix element

2
. 1 ( 49v2 : ?
ol Sl po(a)) P = o (M) [cosao<sxz — ) = sindy (377~ )

@ The ¢ = 2 matrix element, assuming J, =0

. 5 [ 165°v2r |’
ol Qllp2(a) P = 7 | 2 gys
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Photoassociation of the Atomic Dimer

The s-wave and d-wave 1.0
components in the response /
function 0.8

iy N\
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@ upper panel a/ryy = 2

@ lower panel a/ rer = 200

e red - r2 monopole

@ blue - quadrupole

@ black - their sum

Normalized transition M.E. [n.d.]
N
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Dimer Photoassociation Rates

Photoassociation of “Li dimers

as = 1000ag
T = 25K (upper panel)
T = 5uK (lower panel)
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Dimer Photoassociation Rates
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e Trimer Photoassociation



Road-map for Efimov Physics

To get analytic results for the 3-body problem,

@ Assume short-range interaction and large scattering length
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Road-map for Efimov Physics

To get analytic results for the 3-body problem,
@ Assume short-range interaction and large scattering length
@ Remove center of mass and adopt the hyper-spherical coordinates

(r1,72,13) = (Rem, xi,y;) — (Rew, o, 0, R4, 1)

Betzalel Bazak (HUJI) Multipole analysis of RF re ns in ultracold atoms September, 2013 13 /21



Road-map for Efimov Physics

To get analytic results for the 3-body problem,
@ Assume short-range interaction and large scattering length
@ Remove center of mass and adopt the hyper-spherical coordinates

’ (r1,r2,13) = (R, %i, ;) — (Rewm, 0,04, R4, 1) ‘

@ Use the adiabatic expansion (Born-Oppenheimer like), where p is the slow coordinate

‘ ¥(p,Q) = Y p 7 hs(p)@ulp, ) ‘
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Road-map for Efimov Physics

To get analytic results for the 3-body problem,
@ Assume short-range interaction and large scattering length
@ Remove center of mass and adopt the hyper-spherical coordinates

’ (r1,r2,13) = (R, %i, ;) — (Rewm, 0,04, R4, 1) ‘

o Use the adiabatic expansion (Born-Oppenheimer like), where p is the slow coordinate

‘wo) = Yo% ()4 (0, ) ‘

@ Decompose into Faddeev amplitudes to impose symmetry and boundary condition

[ @00, Q) = Tignilo, 0|
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Road-map for Efimov Physics

To get analytic results for the 3-body problem,
@ Assume short-range interaction and large scattering length
@ Remove center of mass and adopt the hyper-spherical coordinates

’ (r1,r2,13) = (R, %i, ;) — (Rewm, 0,04, R4, 1) ‘

o Use the adiabatic expansion (Born-Oppenheimer like), where p is the slow coordinate

‘Ym0)2295ﬂdm¢dmﬂw

@ Decompose into Faddeev amplitudes to impose symmetry and boundary condition

[ @00, = Xi i, ) |

o For given p, solve the hyper-angular equation,

N 2 X
<K2 + gpz Z V(\@p sina;) + 4> D,(p, Q) = V2P, (p, Q).
1
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Road-map for Efimov Physics

@ We assume our interaction is of zero range and s-wave only, and solve for low energy.
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Road-map for Efimov Physics

@ We assume our interaction is of zero range and s-wave only, and solve for low energy.

@ Therefore, the potential is expressed as boundary condition,

1 o 1
— Zond = —V2p—
{20(1&? ow; . Lizo \[pas
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Road-map for Efimov Physics

@ We assume our interaction is of zero range and s-wave only, and solve for low energy.
o Therefore, the potential is expressed as boundary condition,

1 o0 1
— —2a;® = V20—
|:20¢iq) Bai B :|”‘i:0 \[P as
6,‘, ,,,,,, LS | L A 6,‘ B, S
\
4t \ i
.
P e laatakalet LT 2
=~ 0 \ N =~ 0
-2f . -2}
-4 ] -4f
L=0 L=2
-6, ; ; | -6L ;
-10 -5 0 5 10 -10 -5
pla

(negative v = imaginary values)
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Road-map for Efimov Physics

@ We assume our interaction is of zero range and s-wave only, and solve for low energy.
o Therefore, the potential is expressed as boundary condition,

1 9 1
9 oud - V20—
{Zaﬁb du; i Li=0 fpas

6,‘ ,,,,,,,,,,,,,,,,,, S |

\

R S A et

-10 -5 0 5 10

(negative v = imaginary values)
@ The result is a 1-D equation for f(p) and E, with an effective piz potential,
( P 2m K vE(p)—1/4 0

- ﬁ FlT ( m pz = Qm — E)) fil (P) = n%/<zpnn’ % + an’ )fn’ (P)
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The Unitary Limit

@ In the unitary limit, |a| — oo, v does not depend on p, and the channels decouples.
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The Unitary Limit

o In the unitary limit, |a| — oo, v does not depend on p, and the channels decouples.

@ The hyper-radial equation is similar to the Bessel equation,

2 2
R0 12l ) = )

with vy ~ 1.00624i, and v, ~ 2.82334.
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The Unitary Limit

o In the unitary limit, |a| — oo, v does not depend on p, and the channels decouples.

@ The hyper-radial equation is similar to the Bessel equation,

2 VZ _
R0 12l ) = )

with vp ~ 1.00624i, and v, ~ 2.82334.

@ Bound state, E;,, = —th%/Zm < 0:

£ (0) o Kon /Ky (p)

where to avoid the Thomas collapse, a 3-body repulsive force is to be introduced, for
example U(p < pg) = oo for some finite pg, resulting in the famous Efimov spectrum,

Ey

2mtn/ vy A~ n
=e ~ 515",
Eo
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The Unitary Limit

o In the unitary limit, |a| — oo, v does not depend on p, and the channels decouples.
@ The hyper-radial equation is similar to the Bessel equation,

2 VZ _
R0 12l ) = )

with vp ~ 1.00624i, and v, ~ 2.82334.

@ Bound state, E, = —h*«2/2m < 0:

£ (0) o /Ky (Knp)

where to avoid the Thomas collapse, a 3-body repulsive force is to be introduced, for
example U(p < pg) = oo for some finite p, resulting in the famous Efimov spectrum,

En

— p2mn/|vo| 515",
E ¢

@ Scattering state, E = h2q2/2m > 0:

fr(p) o % [sindp ]y, (q0) + cos LYy, (q0)]

where the 3-body phase shift is determined by f;.(p9) = 0.
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Matrix Elements Calculation

o The 72 operator reads Y_; 17 = p* + 3R%, .
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Matrix Elements Calculation

o The 72 operator reads Y_; 17 = p* + 3R%, .
o For the Q operator, 7; = Ry — \/gy,-,

Y3 () = p* cos® a; Y5 ()
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Matrix Elements Calculation

o The 7 operator reads Y; 17 = p* + 3R%, .
o For the Q operator, r; = Rep — \/gyi,

Y3 () = p* cos® a; V¥ (§);)

. 1 1 )
[FIELIE) o o (sl orYollgs) [ + 1z [(wsll EorYa () [ 9a) 2

1LOF

0.8

0.6

0.4

0.2

Normalized transition M.E.

(dashed line - full numerical calculation for finite a)
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Trimer Photoassociation: Results

kgT = E3 kT = 0.2E;

o8 f N
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Normalized transition rate
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red - > monopole, blue - quadrupole, and black - their sum
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Log-periodic oscillations

o We found another fingerprint of the Efimov physics, a log-periodic oscillations:
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Log-periodic oscillations

o We found another fingerprint of the Efimov physics, a log-periodic oscillations:
@ For the s-wave, near threshold,

B
I~1+ 72 cos(2s9Ing/x), By~ 8.5%
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Log-periodic oscillations

o We found another fingerprint of the Efimov physics, a log-periodic oscillations:
@ For the s-wave, near threshold,

B
I~1+ 72 cos(2s9Ing/x), By~ 8.5%

@ For any multipole, at the high-frequency tail
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Log-periodic oscillations

o We found another fingerprint of the Efimov physics, a log-periodic oscillations:
@ For the s-wave, near threshold,

B
I~1+ 72 cos(2s9Ing/x), By~ 8.5%

@ For any multipole, at the high-frequency tail

1.2 T
o 35t
g 1.0 ol
2
= 08}~ 25f
g 0.6 z wp
- =
3 150
= 04f-
g 10F
502 ‘ st
z — keT/Eg=0.1 ‘
0k ; ; ; A
10°° 10* 0001 001 01 100 200 500 1000 2000
hw/Eg-1 /Ko

@ The near threshold oscillations may be blurred by the finite energy width of the trimer.
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Log-periodic oscillations

o We found another fingerprint of the Efimov physics, a log-periodic oscillations:
@ For the s-wave, near threshold,

B
I~1+ 72 cos(2s9Ing/x), By~ 8.5%

@ For any multipole, at the high-frequency tail

1.2 T
o 35t
N i o W VAR
2
5 0.8p 25F
g 0.6 z wp
- =
3 150
= 04} -
g 10F
5 0.2p =7 ] sk
z — kgT/Eg=0.1 :
0k ; ; ; A
10°° 10* 0001 001 01 1 100 200 500 1000 2000
hw/Eg-1 /Ko

@ The near threshold oscillations may be blurred by the finite energy width of the trimer.

@ The high-frequency tail oscillations are masked by rapid phase shift variation and g* factor.
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© Experimental Realization



Experimental realization

@ Magnetically Feshbach resonance based on the spin dependence of the molecular interaction.

Energy

Bound State *T

AuB

Interatomic distance

from Ketterle group site
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@ Therefore, 1y ceases to be good quantum number, but }_ my still is.
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Bound State *T

Interatomic distance
from Ketterle group site

@ Therefore, 1y ceases to be good quantum number, but }_ my still is.

@ For example, the state |11) is mixed with |02) and |20)
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Experimental realization

@ Magnetically Feshbach resonance based on the spin dependence of the molecular interaction.

Energy

Bound State *T

Interatomic distance

from Ketterle group site
@ Therefore, 1y ceases to be good quantum number, but }_ my still is.
@ For example, the state |11) is mixed with |02) and |20)

o However, this mixing involves high energy scale, and therefore its influence depends on the
energy scales of the system.
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Experimental realization

@ Magnetically Feshbach resonance based on the spin dependence of the molecular interaction.

Energy

Bound State *T

Interatomic distance

from Ketterle group site
@ Therefore, 1y ceases to be good quantum number, but }_ my still is.
@ For example, the state |11) is mixed with |02) and |20)

@ However, this mixing involves high energy scale, and therefore its influence depends on the
energy scales of the system.

@ Other effects not included: power broadening caused by high amplitude RF, finite time and
finite energy width.
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xperimental realization

Normalized transition rate

o Putting all together, fitting our model to the Khaykovich group data:
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@ Conclusions



Summary and Conclusions

@ The new RF experiments in ultracold-atoms systems carry much in common with
photo-reactions and charged current reactions in nuclei.
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@ For spin-flip reaction, the Franck-Condon factor is the leading contribution to the
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R(w) o« .

© We have studied the dimer formation and found that the reaction mechanism changes from
monopole to quadrupole with increasing gas temperature.

@ The trimer formation was studied, with similar dependence on temperature.
@ Log-periodic oscillations are predicted in the trimer photoassociation,

@ near the threshold for s-wave;
@ in the high-frequency tail for all partial waves.
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Efimov Physics in Ultracold Atoms
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The Hyper-Spherical Coordinates

o To eliminate center of mass, we use the Jacobi coordinates, 2
(r1,12,13) = (Rem, Xi, ;)
1
x._r]-frk - g 7r.+1‘]‘+1’k XYy,
== 5 iy 5 .

“@®
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The Hyper-Spherical Coordinates

@ To eliminate center of mass, we use the Jacobi coordinates, 2
(1'1, 12, 1'3) — (RCMr Xi, yi)I
1
x._r]'*rk . g 7r.+?’j+1’k W
i = \/E ;Y = 3 i 2 o1

@ Now using the hyper-spherical coordinates,
(xi,y;) = (o, i, &, §1):

“ @

pz = x,‘2 +y,2, tanw; = x;/y;,
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The Hyper-Spherical Coordinates

@ To eliminate center of mass, we use the Jacobi coordinates, 2
(r1,12,13) = (Rem, X, ;)

T . 2 1']'+1’k x4
=g VitV “rit T o T

@ Now using the hyper-spherical coordinates,
(xi,y;) = (o, i, &, B1):

“ @

? =x}+y?, tana; =x/y;,

o The Hamiltonian H# = (T + Y ;; V(|r; — 1;]) reads,

R (2 50 R
~ 2m\9p*  pdp  p?
where >
. 1 2 12 L
K*=——— —sin2 . -
sin2a 9a2 * N * sinfa cos?a
and
ZV(M —1j|) = ZV(\[Zpsinzx,')
i<j i
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The Adiabatic Expansion

@ Next we apply the adiabatic expansion,

‘I"(p,Q) - 2975/2 n (P)‘bn(,ﬂ/ Q),
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The Adiabatic Expansion

@ Next we apply the adiabatic expansion,
T(p, Q) = ZP75/2 n(P)(Dn (P, Q)/
n

e ®,(p, Q) is the solution of the hyper angular equation corresponding to the eigenvalue v2,

( p Z V(V20sing;) + 4> @, (0, Q) = V2D, (p, Q).
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The Adiabatic Expansion

@ Next we apply the adiabatic expansion,
¥(p, Q) = ;9’5/2 w(0)Pn(p, ),
o ®,(p, Q) is the solution of the hyper angular equation corresponding to the eigenvalue v2,
<f<2 + %pz Y V(V2psina;) + 4) @, (p, Q) = V20, (p, Q).
i
@ f,(p) is the solution of the hyper-radial equation,

2 2m d
<737‘02 + hT(Veff(p) - E))fn(P) - ”;’,(mez’% +an’)fn’ (P)
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The Adiabatic Expansion

@ Next we apply the adiabatic expansion,
T(p, Q) = ZP75/2 n (P)(Dn (P, Q)/
n
o ®,(p, Q) is the solution of the hyper angular equation corresponding to the eigenvalue v2,
- 2
<K2 + gpz Y V(V2psina;) + 4) Pu(p, Q) = v;Pu(p, Q).
i

@ f,(p) is the solution of the hyper-radial equation,

92 2m
2+ 2( eff( ) E) f"( )_ Z(zpnn/ +an’)fn’( )
9 " noot
o where the effective potential is
n* v2(p) —1/4
Veff(.o) = % % — Qun

and the non-adiabatic couplings are

Pur(p) = (@ulo ) | | @ (0,00}

D, (10/ Q)>
Q

32
Q}I!’I/(p> = <©Vl(p/Q) ’aipz
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The Faddeev Decomposition

@ Using Faddeev decomposition,

q>71 P/ Z¢111 P/
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The Faddeev Decomposition

o Using Faddeev decomposition,

D, (p, Q) = Z‘Pn,z‘(pf Qi)

@ We assume our interaction is of zero range and s-wave only, Therefore the only partial wave to
be considered for the bound state is I, = 0,1, = L.
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The Faddeev Decomposition

o Using Faddeev decomposition,

D, (p, Q) = Z‘Pn,z‘(pf Qi)

@ We assume our interaction is of zero range and s-wave only, Therefore the only partial wave to
be considered for the bound state is I, = 0,1, = L.

@ Now the solution is,

Sur(@i) iMoo o
Pnilp, Q) = sgi;(%l))}/i%(xir}/i)

) snfe (e ).

L
r(a;) = cos" o | —
8ur (i) (E)ac cos
Ty

YL'M(JA@?) = Z <lxmxlym}/‘LM>Y;:x (JAC)YI!/ @)

li\/
’ My, 1y

where
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The Faddeev Decomposition

o Using Faddeev decomposition,

Q) = Z¢n,z‘(pf QO

@ We assume our interaction is of zero range and s-wave only, Therefore the only partial wave to
be considered for the bound state is I, = 0,1, = L.
@ Now the solution is,

) N SuL(a) Lim
Pni(0, Q) = sin(2a;) le 1y

st =o' () w0 (o= D)

Y (5,9) = Y (lmal iy |LM)Y}™ (&)Y ()

Iyl
o My My

(%1, 1)

where

o In the low energy limit, the boundary condition reads

1 9 1
{Zaq)a—alza <1>} o —ﬁpa—s

A. Cobis, D.V. Fedorov, and A.S. Jensen, Phys. Rev. Lett. 79, 2411 (1997).
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